Part I . Seven of the double sulphates and selenates ('T u tto n sa lts') of copper have been exam ined by th e m ethod of param agnetic resonance. The deviation of th e effective gyrom agnetic ratio from th e free-spin value of 2 is shown to be generally consistent w ith th e theory of Polder (1942) , who assumes a crystalline electric field of tetragonal sym m etry to act on each ion. In some salts an appreciable departure from tetragonal sym m etry is observed.
P A R T I 1. I n t r o d u c t i o n
In the early applications of the method of paramagnetic resonance it is natural to choose substances whose spectra offer the greatest chance of a simple theoretical explanation. This requires salts whose crystallographic structure has been accur ately determined; in addition, they must be fairly 'd ilute' in the magnetic sense, in order to give narrow absorption lines, and to minimize the effects of exchange forces. In the iron group this suggests the use of the double sulphates: the alums, for the trivalent ions, and the monoclinic Tutton salts for the divalent ions. The chemical formulae are of the type iif'Jff(S0 4)2,12H 20 and Jf"Jf2(S0 4)2,6H 20 respectively, where M ' is the trivalent ion, M" the divalent ion and M a monovalent diamagnetic ion. There exists, therefore, for each paramagnetic ion a series of salts formed by using different monovalent ions, principally K, N H 4, Rb, Cs and Tl; further variety may be obtained by using selenates instead of sulphates.
The simplest paramagnetic ion is Cu++, 3d9, in which the orbital momentum is effectively quenched and the spin s = \correspon its salts, CuS0 4,5H 20 , has been investigated by , who find th a t exchange forces play a dominant role in determining the behaviour of the energy levels. I t is therefore particularly interesting to examine the more dilute Tutton salts, in which the crystalline electric field should be remarkably similar to th a t in the simple sulphate. This paper reports the results of measurements on seven copper Tutton salts, five sulphates and two selenates.
C r y s t a l l o g r a p h y a n d s u s c e p t i b i l i t y
The Tutton salts form a monoclinic series, in which the three crystallographic axes {a, b, c) are very closely in the ratio (3, 4, 2). The 6-axis is normal to the plane Paramagnetic resonance in the copper Tutton salts 407 containing a and c; the a-axis makes an angle of 105° with the c-axis, measured positively in the anti-clockwise direction from the latter (see figure 1) . No X-ray measurements on the copper salts exist, but following Polder (1942) we shall assume th at the structure is similar to th at of Mg(NH4)2(S0 4)2,6H20 , investigated by Hofmann (1931) . The unit cell contains two molecules, one derived from the other by a translation from the point (0,0,0)' to (£, 0) followed by a reflexion in the ac-plane. The divalent metallic ions lie in the points mentioned, surrounded by an octahedron of water molecules, of which four lie very nearly in a square each at a distance of 1*9A from the Mg++, and the other two at 2* 15 A. The crystalline electric field should therefore have approximately tetragonal symmetry about an axis along the line joining the more distant waters. The two tetragonal axes in unit cell are equally inclined to the ac-plane, making an angle (a) of about 25° with it in the Mg++ salt. This angle is probably somewhat different in the Cu++ salts owing to the increased size of the ion. On these assumptions, Polder shows that the orbital levels of the Cu++ ion should split into three singlet levels Fv F3 and and one level, except for a small splitting due tn the spin-orbit coupling.
b -axis
lies lowest, some 10,000 cm.-1 below the next level.
Introduction of the spin of \ makes F3 doubly degenerate g f i . f). Owing to the residual spin-orbit coupling, the value of g is not exactly 2, and is anisotropic, with the values parallel to the tetragonal axis:
< 7,, = 2^1 -' perpendicular to the tetragonal axis:
408
where A is the spin-orbit coupling coefficient = -852 cm.-1. Since lies above F4, gK will be greater than g±, and the corresponding susceptibilities per g. ion along and normal to the tetragonal axis will be 0-37 6 / 4A \ 2 2-1 ' 0-3 7 6 / A \ 2 0-53 | *1 " T l i i -f j where Fs, P4 and F5 are in cm.-1.
Combining these results for the two ions in unit cell, one finds th a t of the principal axes of the ellipsoid of susceptibility, two lie in the oc-plane, one (X1) being the bisector of the tetragonal axes, the other (K 2) being perpendicular to both these axes, while the third (K3) lies along the crystallographic 6-axis, which forms the other bisector of the tetragonal axes (figure 1). The corresponding susceptibilities are Xi = An cos2 a + sin2 a,'i X2 = \ (3) A3 = An sin2 a + y± cos2 a,J where cl i s the angle between either tetragonal axis and the oc-plane. From susceptibility measurements of Hupse (1942) Krishnan & Mookherji (1938) on other copper T utton salts suggest th a t their behaviour is similar to th a t of the potassium salt.
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In measurements of susceptibility only the net teffect of the two ions taken to gether can be observed, and Polder points out th a t this leads to an ambiguity in the values of gv g± and a. A 'priori, it would have been equally valid to K x axis was perpendicular to the tetragonal axes, and th a t K 2 was a bisector. This would give = 1-98, g± = 2-27 and cl = 28°, and alth closely with th a t deduced from the X-ray measurements of the magnesium salt, the agreement with the tetragonal field theory for the (/-values would have been completely upset. Paramagnetic resonance experiments have the advantage th a t each ion in unit cell gives its own absorption line whose position is determined by the angle a t which the applied magnetic field is inclined to the tetragonal axis. I f this angle is /?, then the effective g -v alue is given by g2 = g *C OS2 fi + g l sin2 /? (4) (this formula was kindly derived for us by K. W. H. Stevens). A t a frequency v (cm.-1) the absorption line will occur a t a field H0, where
If H0 is measured in kilogauss, this reduces to
Thus the absorption lines for the different ions will occur (in general) in different fields; hence it is possible to measure g for each ion separately, and to locate its tetragonal axis, along which g should be a maximum. The values of g^ and g± can then be measured directly. In addition, by making measurements in the plane normal to a tetragonal axis it should be possible to determine how far the assumption of tetragonal symmetry is valid.
In this investigation the following measurements were carried out: A. The variation of g in the ac-plane. B. The value of g3 along the 6-axis {Kz). The two tetragonal axes are equally inclined to the ac-plane, and to the 6-axis; the absorption lines for the two ions will therefore coincide.* The maximum and minimum values of g (gx and g2) in A determine the positions of These two sets of measurements (A and B) are equivalent to the susceptibility measurements of Hupse and of Krishnan et at., but they have the advantage th at there is no correction for diamagnetism or temperature-independent paramagnetism. These measurements provide no further check on Polder's theory, nor do they identify the plane containing the tetragonal axes. The necessary evidence is furnished by the following experiments, which illustrate the particular advantages of the paramagnetic resonance method.
C. The variation of g in the planes (KX K3 and K D. The variation of gi n a plane normal to a tetragonal axis. If Polder's theory is correct, the tetragonal axes lie in the plane (KXK 3), and two resolved lines should appear in this plane. On the other hand, only one line should appear in the (K2K 3) plane, since it is equally inclined to both tetragonal a From the values gx, g2, g3 for the principal susceptibility axes, the values of gv g± and a can be calculated. These can be compared with those directly measured.
Measurements A and B were made most conveniently at a wave-length of 3*2 cm. as also were the initial measurements of C. These were sufficient to show that two lines were obtained in the (KXK 3) plane and only one in
The two lines were not well resolved, and to make accurate measurements, a wave-length of 1*3 cm. was used for C and D.
These four sets of measurements provide a complete check of Polder's theory, and the results are presented in § 5 of this paper. In addition to the positions of the resonance lines, which determine the values of g, there is another parameter whose study is of great interest. This is the line width and line shape, which the preliminary experiments showed to vary markedly with orientation of the crystal and from salt to salt. The discussion of this question is given together with the results of the measurements, in part II.
* Since th e one ion in u n it cell is derived from th e o th e r b y a reflexion in th e ac-plane (plus a tran slatio n ), th e tw o ab so rp tio n lines in th is plane will coincide w h atev er th e sy m m etry of th e cry stalline field.
M e t h o d a n d a p p a r a t u s
In view of the low susceptibility of the copper Tutton salts, and the fact th a t only small single crystals could readily be grown, it was decided to make the measure ments principally a t 90° K. At this temperature the dielectric losses are insignificant, and it is not necessary to grind the crystals down to reduce the amount protruding into the r.f. electric field, as is generally the case a t room temperature.
The apparatus used is simple, and merits only a brief description. T hat used at 3 cm. wave-length has already been outlined ; the apparatus for 1*3 cm. is essentially the same. A fixed-tuned cavity, one-half a wave-length long and resonant in the Hx mode, is excited through hole-couplings from rectangular wave-guides contracted of thin-walled german silver tubing. It. is cooled by means of liquid oxygen contained in a small dewar with a narrow tail. By this means a gap of 24 mm. between pole-faces tapered to 14 in. could be used in the magnet, giving fields up to 13 kG.
The experimental method is as follows a t both wave-lengths. Power is fed to the cavity from a reflex klystron oscillator whose frequency is adjusted to the cavity resonance. A small fraction of the power entering the cavity is fed out through a second coupling to a silicon-tungsten rectifier crystal, whose d.c. current is read by a sensitive galvanometer. This current is closely proportional to the r.f. power incident on the rectifier, and hence to the square of the magnification factor Q of the cavity. When the latter is lowered because of absorption of power by the para magnetic crystal in the cavity, the rectified current falls from its initial value £0 to some value 8X, and the paramagnetic absorption coefficient (in arbitrary can be calculated from the formula To reduce y to absolute units is difficult, requiring a measurement of Q and the filling factor of the crystal in the resonator; fortunately, the main interest lies in the shape rather than the absolute intensity of the absorption curves, and this reduction was not carried out.
In an experiment, a variable d.c. magnetic field H0 is applied normal to the r.f. magnetic field, and the galvanometer reading is observed as a function of H0. At each reading the frequency of the klystron is adjusted to be in exact resonance with the cavity. This is necessary in order to correct for slight frequency fluctuations in the oscillator, and for the detuning of the cavity owing to anomalous dispersion in the paramagnetic salt. The background of fluctuation corresponded to a few per cent of the maximum of an absorption line, the shape of which could therefore be determined well out into the wings.
The magnetic field was calibrated initially by means of a search coil and fluxmeter, and then over the limited ranges involved in the measurement of g by means of a ballistic galvanometer, which was standardized using the reversal of a known current in an accurate mutual inductance. The error in H0 is thought to be less than 1 %• 5. R e s u l t s -v a r i a t i o n o f g The first measurement (A) was of the variation of g in the oc-plane, a t intervals of 20°. From equation (4) it follows that, if the magnetic field is applied a t an angle to the c-axis, and the K x axis makes an angle \]rx with this axis, then
where gx and g% are the values of g along K x and K t respectively. In all cases it was found th a t the points could be fitted within experimental error by a curve of the type (4 a). A typical curve is shown in figure 2 for copper ammonium selenate. I t should be noted th at in these experiments ^ is measured in an anti-clockwise sense from the c-axis, as in figure 1 , the a-axis lying a t an obtuse angle rjf = 105°. This corresponds to the notation used by Krishnan et al. (1933) and later Indian workers, and is of opposite sign to th at of earlier measurements of Jackson (1923 Jackson ( , 1926 , Rabi (1927) and B artlett (1932) The results of the measurements (A) and (B) on the seven salts examined are shown in table 1. Column 2 shows the values of ^ deduced from the positions of the * The comparison of these m easurem ents reveals some considerable confusion. B artlett (1932) points out th a t in R ab i's (1927) paper th e values of 0 (our ) are interchanged for the potassium and am m onium salts of both nickel and cobalt. From a later correction (B artlett 1933) it appears th a t this is tru e also of the copper salts; a t the same tim e B artlett accepts K rishnan's correction th a t his own values of 0 should be reversed in sign. This makes them in good numerical agreem ent with K rishnan's own results, with the same sign, though they appear to have been m easured in the opposite sense. In fact, the values obtained by both R abi and B artlett suggest th a t they were really measured in the same sense as K rishnan's; they would then agree well also w ith the results reported in this paper. maximum and minimum values of g in the ac-plane; the accuracy is probably not greater than ( ± )3°. For comparison the measurements of Krishnan et al. (1933) for the first two salts, and of Krishnan & Mookherji (1938) A rough check was obtained on the values of by suspending the crystal by a torsionless fibre in a magnetic field, so th a t it was free to rotate about the 6-axis. The K x axis then sets parallel to the field, and its position can be observed directly. The values of \Jrx, obtained thus a t room temperature, agreed closely with th in column 1, except for the ammonium sulphate, for which the value was 77°. This latter value agrees with Krishnan etal. (1933) ; since for this salt a variation of i with temperature has been reported (B artlett 1932), a crude attem pt was made to observe \Jrx for this salt a t 90° K. The value obtained was 69°, and a definite rotat could be observed as the crystal warmed up. The reason for the very wide discrepancy in the values of \Jfx for the potassium selenate is unknown.
The next three columns give the values of gx and g2 for the ac-plane, together with the value of gz obtained by measurement with the magnetic field directed along the 6-axis. From these one can obtain the values of g{ [ and a, assuming Polder's theory to be correct. From equation (4) I t will be seen th at the values of i/rx tend to cluster the values of a are slightly higher for the former group than for the latter. There is no similar correlation in the case of gn and g±, which are, of course, sensitive to the magnitude of the crystalline electric field. The estimated accuracy of the values of gis | to 1 % and in a about 1°. The latter depends only on relative values of g, which are probably rather better than the absolute values, which depend on the accuracy of the calibration of the ballistic galvanometer used to measure the magnetic field.
Since in deducing the values of gv g± and a the same assumptions have been made as by Polder and by Krishnan, it is convenient to compare the results with those of other methods now, before reporting the other experimental results. Only for copper potassium sulphate has the susceptibility been measured over a sufficient temperature range to obtain accurate values of the Curie constants (Hupse 1942) . From these one finds gru = 2*44, gx = 2-05 and a = 40° which are in very good agreement with those reported in table 1. I t is possible to obtain values of a for all the salts from the anisotropy measure ments at room temperature of Krishnan et al. (1933 Krishnan et al. ( , 1938 , if the assumption is made th at the diamagnetic susceptibility is isotropic. The theory of Polder shows th a t the temperature-independent paramagnetism has tetragonal symmetry about the same axis as the temperature-dependent portion. Consequently, one can. cal culate a from the total anisotropy a t any temperature, since from equation (3) it follows th a t / .
The values of a obtained by this means from Krishnan's measurements are given in the last column of table 1 (see also Mookherji 1945) . The agreement with our values is close, though not exact. I t is, however, difficult to estimate the error that may arise from the assumption of diamagnetic isotropy in reducing Krishnan's values; and small changes in a with temperature may occur.
Experiments C and D. The variation of g in the planes (K1K Z) and (K2K 3) was not studied systematically, but by making experiments of an angle of about 45° to in the two planes at a wave-length of 3 cm., it was easy to verify that the two tetra gonal axes lie in the plane ( . K XK Z ). The absorption curve shows tw plane, but only one in (K2K 3). To obtain better resolution of the two peaks, obser vations were made a t a wave-length of 1-3 cm. The separation between the two lines increases linearly with frequency, whereas the width remains substantially constant. I t is thus possible to obtain a direct measurement of " and also of gL in the plane of the tetragonal axes instead of along K 2. A typical curve, for copper ammonium sulphate, is shown in figure 3 . The magnetic field is directed along one tetragonal axis, giving the low-field peak, and at an angle of just under 80° to the other axis. By a small rotation of the crystal the value of g± can be determined. The results of measure ments of this type are given in table 2.
For convenience, the values of g{ [ and g± (= g2) from table 1 are repeated. I t will be seen that the differences between the two sets of values are at first sight hardly outside the experimental error of ± 1 % except in the first two salts. In these there is a considerable discrepancy between the values of gL in the (KXK 3) plane and gL (= g2) in the (K1K 1) plane, both of which are measured directly. That this is not due to errors in the magnetic field calibration or the measurement of wave-length was checked by measurements of g2 at a wave-length of 1*3 cm., which gave values in excellent agreement with those obtained at 3*2 cm. It is apparent that the differences must be due to a departure from tetragonal symmetry; this is probably true of all the salts, but is more marked in the potassium and ammonium sulphates.
Since the two values of g± obtained may not represent the extreme values when there is an appreciable departure from tetragonal symmetry, an investigation was made of the variation in a plane normal to one tetragonal axis for the potassium sulphate. As two absorption lines of varying separation would be observed in this plane except along K 2, it was essential to use a short wave-length, 1*3 cm., for this purpose. Measurements were made in four positions, along K 2, and a t angles of 45, 90 T a b l e 3. V a r i a t i o n o f g i n p l a n e n o r m a l t o a t e t r a g o n a l The results show th a t the crystalline electric field m ust have an appreciable rhombic component, since the latter determines the departure of the ^-value from the free-spin value of 2, and there is a variation of a t least a factor 2 in this departure. Consequently, it is not surprising th a t the values of g deduced on the assumption of tetragonal symmetry do not agree exactly with those measured directly. I t follows also th a t the values of a may be slightly in error, though this does not affect the comparison with Krishnan's values, which rest also on the assumption of tetragonal symmetry. The slight misalinement of the magnetic field which would be caused by an error in a should not result in any appreciable error in the direct measurement of < 7" and gXi since they are extreme values. An error in alinement of 7° would cause a change in go f only 0-01. Although these measurements have shown th at there is an appreciable departure from tetragonal symmetry in some of the salts, it is, nevertheless, convenient gener ally to ignore it because of the increased complication it introduces. For most pur poses the error introduced will be small, since the value of gt is markedly greater than the value of g± for all the salts. This arises partly because of the factor 4 which occurs in the expression for gf and not in th at for g± (equation (1)), and partly because the splitting which occurs in the denominator is smaller in the former expression. From the results reported in this paper it is possible to calculate these splittings for each salt. They will be substantially the same as those obtained by Polder from Hupse's measurements, and in view of the lack of detailed knowledge of the crystal line field the variation for different salts would have only academic interest.
In view of the departure from tetragonal symmetry, it is at first sight surprising th a t the variation of the g-values in the oc-plane can be adequately represented by equation (4a). The values of gt, g2 and ^rx are, however, adjusted to give the best fit, and the agreement would not be so good if the proper values deduced from gt and gL were used. The expected discrepancy is revealed by measurements in the (K2K 3) plane, where the constants are already fixed. When g is measured in this plane in directions at equal angles to the K 3 (6) axis, but on either side of it, the values obtained are unequal, though the angle with the tetragonal axes is the same in either case. This can only be explained by a rhombic component.
C o n c l u s io n
In the first approximation the variation of the (/-values confirms Polder's theory, based on the assumption of two ions in unit cell each subjected to a crystalline electric field of tetragonal symmetry. The separate study of each ion made possible by the paramagnetic resonance method shows, however, th at in some of the salts there is an appreciable departure from tetragonal symmetry. Thus in copper potassium sulphate the experimental results given in tables 2 and 3 lead to a rhombic anisotropy with the following principal values:
6?x = 2 1 4 , G2 = 2-04, 2*36
The axis of G3 (the 'tetragonal' axis) is at 41° to K x (in the plane of K x and K3) while Gt and G2 make angles of approximately 70 The agreement is within the experimental error. A reference should be made here to the earlier theory of Jordahl (1934) . The latter ignores the presence of two ions in unit cell and requires therefore a rhombic field to explain the different susceptibilities along the three axes K 2 and K z. The constants of this rhombic field are chosen to give a small splitting (c. 300 cm.-1) of the orbital doublet, in order to explain the fall of the Curie constants as the tem perature is lowered, observed by B artlett (1932) . The latter has been confirmed by Janes (1935) over a wider temperature range (300 to 82° K). This variation with temperature does not require a small orbital splitting, however, since it can be ex plained by the temperature-independent paramagnetism which makes an im portant contribution to the susceptibility a t the higher temperatures. The magnitude of the temperature-independent susceptibility for powders of copper ammonium and potassium sulphates deduced from Janes's results is 0-l2 x 10"4 (per g.-ion), while the theoretical values of Polder (equation (2) of this paper) give 0-l5 x 10~4.
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I n t r o d u c t i o n
In a prelimary survey of the paramagnetic resonance method (Bagguley, Bleaney, Griffiths, Penrose & Plumpton 1948) it was pointed out th a t in general the width of resonance lines may be expected to vary with the temperature, the magnetic field and the orientation of the crystal in the field. The first of these factors enters through the spin-lattice interaction, whose characteristic relaxation time is gener ally strongly temperature-dependent. In the case of two of the copper Tutton salts, the experiments of Broer & Kemperman (1947) give a relaxation time of about 3 x 10-7sec. a t 90° K, which would contribute to the line width only 1 gauss or so. At lower temperatures the rapid increase in the relaxation time would make this contribution quite negligible. A direct comparison of line width a t 90 and 20° K was made in a number of experiments, and no change of line width outside the experi mental error of a few gauss was observed in any salt. I t seems justifiable therefore to attribute the whole of the observed line width a t these temperatures to the effects of spin-spin interaction between the various copper ions. The simplest type of interaction is associated with the local magnetic field of the neighbouring dipoles, and should give a line width independent of the magnitude of the external magnetic field. This latter was found to be the case for fields between 1 and 8 kG, measure ments being made a t 8-6, 3-2 and 1-3 cm. wave-length. The dipole-dipole interaction is strongly dependent on the direction of the external magnetic field, however, as in the corresponding nuclear resonance experiment (Purcell, Bloembergen & Pound 1946) . I t was therefore of considerable interest to study the change of line width with the orientation of the crystal. For this purpose, measurement in the oc-plane suggests itself as most convenient and interesting. The nearest copper ions lie in this plane, and the two ions in unit cell give identical lines. Measurement of the line width was therefore combined with th a t of the (7-value (experiments A), and was made a t 3 cm. wave-length. The simplest quantity in measure is the half-width a t half intensity (AJSfj), and the variation of this quantity with the . direction of the external magnetic field in the oc-plane is shown in figure 4 in the form of a polar diagram, where the radius vector is pro portional in length to (AJTj). Though there is a striking variation in magnitude from salt to salt, the general form of the polar diagram is the same, having a main maxi mum along (or very close to) the c-axis, and a subsidiary maximum practically a t right angles. The two minima are unequal, the deeper minimum lying sometimes on one side of the c-axis and sometimes on the other. Its position seems to be related to th a t of the principal axes of susceptibility (Klf K 2), in th a t K 2 always lies between the deeper minimum and the c-axis. Interpretation of these results requires a detailed consideration of the interaction between the different copper ions.
M a g n e t i c d i p o l e i n t e r a c t i o n
The positions of the neighbouring copper ions are as follows, the distances given being those for the copper potassium sulphate. For the other salts the distances are slightly greater corresponding to th e increase in the ionic volume, but in the same proportion, since the changes in the relative lengths and directions of the crystallo graphic axes are very small. From the simplest point of view the magnetic dipole interaction can be considered in the following way. The magnetic field of a neighbouring dipole fi gives rise to a component /t(l -3 cos2#)/r3, where 6 is the angle between the direction of the external field and the radius vector joining the two dipoles, which modifies the external field and so produces a spread in the Larmor precession frequency of the ions. Since the field falls off with the cube of the distance, the outstanding con tribution will arise from the two ions A, which lie along the c-axis. The factor (1 -3 cos2 6) will therefore give a maximum along the c-axis, a subsidiary maximum a t right angles half as great, and zeroes at angles of ± 55° to the c-axis. This corre sponds roughly to the observed polar diagrams, except th a t they are less anisotropic, and the zeroes are of course filled in by the fields of the more distant neighbours.
A closer approximation is obtained by taking the formula of van Vleck (1948) for identical spins:
(Atf2)av. = $g2fi2S (S + 1) £ (1 -3 cos2
where 0ti = angle between magnetic field and line joining spins i and j, and (Af?2)av is the 'mean square m om ent'. In applying this to our case, we are ignoring the fact that, though the two ions in unit cell have the same ^-factor in the ac-plane, their axes of precession are not quite parallel, being determined by the combined effect of the tetragonal field and the magnetic field. However, the major contribution comes from the ions a t (0,0, ±1), which belong to the same sort as th at a t (0,0, 0) so th at no serious error* is introduced by using the factor f which appears in (7) for identical spins, in place of | for non-identical spins. As a further simplification, we shall assume g = 2-15 for all directions in the oc-plane; this ignores a variation of ± 5 % which is determined by the position of the axes of susceptibility and is there fore different for each salt. The contributions to the mean square moment from the ions listed in table 4 have been calculated a t intervals of 15° in the oc-plane. An estimate of the contributions from more distant ions shows th at they do not increase the mean square moment by more than a few per cent. To compare the calculated values of ^(AH2)av< with the measured A Hi } some assumption must be made concerning the fine shape. An approximation frequently used is th at the shape is th at of a gaussian distribution, I -J0exp[ -AH2/2(AH2)av], for which (AHj) = l-18A /(AH2)av>. The curve h in figure 4 labelled 'theoretical ' is obtained on this basis for copper potassium sulphate; it should be contracted slightly for the other salts in inverse ratio to their g.-ionic volumes (listed in table 5). From the shape of the theoretical curve it will be seen th at it is determined mainly by the two nearest neighbours at (0,0, ±1).
In some cases (for example, copper ammonium selenate) the line shape approxi mates very closely to th at of a gaussian distribution. In other salts this is by no means the case, and two extreme shapes are shown in figure 5 , the pointed line being obtained in copper ammonium sulphate. I t is obvious th at the small value of A for the ammonium sulphate may be due to its pointed shape, and the large value for the caesium sulphate to its flattened shape. A numerical computation of AH |V > was therefore carried out for the absorption fines obtained in each salt along the c-axis; the results are shown in table 5 (column 4), together with the theoretical values (column 3). The g.-ionic volumes are given in the second column, and the salts are arranged in order of increasing ionic volume. The experimental valuesf of A are shown in the last column.
The results presented in table 5 indicate th at the values of ^/(AH2)av along the c-axis do not differ markedly from those calculated from equation (7), though the * Professor M. H . L. Pryce has pointed out to us th a t th e anisotropic ^-values will produce a small modification of th e factor f , since th e contribution to the line w idth due to transitions caused by th e ro tatin g com ponent of th e field of th e neighbouring ion involves a different </-value from th a t associated w ith th e steady com ponent. The error introduced is of the same order as the variation in the ^-values.
f The probable errors in A flj are ± 5G; those given for «J(AH2)&V are larger because they depend more on th e shapes of th e lines in th e wings, where the intensity is low. In this respect the experim ental values probably err on th e low side rath er th a n the reverse, since the tendency is to cut the tail off rath er th a n to prolong it. The absorption is assumed to be zero when the magnetic field is far from resonance ( ± 1 kG), where the Q of the cavity becomes constant. Thus any tail of small intensity which extends so far is ignored, w ith corresponding reduction in the experim ental values of AZf2av.* values of A/T* vary greatly. I t is therefore interesting to examine whether a plot of the former quantity for the oc-plane would show a similar agreement. To obtain greater accuracy, a special set of measurements was carried out on copper ammonium selenate, for which the line shape is close to gaussian. The results are shown in figure 6 , where the experimental points are drawn with a probable error of ± 5 G, and the magnetic field (kG) sharp minimum a t + 55° to the c-axis is filled out, the experimental value being twice as great as the theoretical; and generally the width is greater than calculated, except near the K 2 axis. I t is evident th a t other types of interaction between the magnetic ions of the same order as th a t due to the magnetic dipoles must be present in this salt.
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In addition to the discrepancies revealed in figure 6 , the magnetic dipole inter action offers no explanation of the widely divergent values of A and the different line shapes, which seem to bear no relation to the ionic volumes. In no case do the lengths of the crystallographic axes depart by more than 3 % from the simple (3, 4,2) ratio, and the differences cannot be attributed to changes in the shape of the unit cell. I t is necessary therefore to consider another type of interaction due to exchange forces. Although these are primarily connected with the orbital motion of the electrons, by virtue of the exclusion principle they manifest themselves as a coupling between the spin vectors proportional to the cosine of the angle between them. In the case of identical ions in a large magnetic field, this angle is independent of the direction of the magnetic field and the exchange forces are therefore isotropic. Gorter & van Vleck (1947) have pointed out th at they give rise to a narrowing of the line in the centre and a broadening in the wings; th at is, the line is more peaked and the value of AH± is less than when magnetic dipole interaction alone is present. The exact line shape cannot be evaluated simply, but van Vleck (1948) has calculated the ' mean square moment ' (AH2)av and the ' mean fourth moment ' (Aif4)av. I t turns out th at the former is unaltered by exchange interaction; the discrepancy between the experimental values of (A #2)av and those calculated from magnetic interaction shown in figure 6 for copper ammonium selenate is therefore not explained by these isotropic exchange forces.
In view of the large changes in line shape between different salts it is interesting to consider what shape would be expected from magnetic interaction alone. The only parameter of line shape available for comparison with theory is the ratio of the root mean fourth width [(AI74)av ]* to the root mean square width [(A #2)av ]*. For a gaussian distribution this ratio is 3* = 1-32. Van Vleck shows th a t the curve should be somewhat blunter, the ratio being 1-25 for a cubic lattice of spins For the Tutton salts, as a first approximation one may assume th a t only the two nearest neighbours A a t (0,0, + 1) make a significant contribution to the line width. Equation (24) of van Vleck (1948) then yields 1*18 for the ratio of the root mean fourth and second moments. I t is interesting th a t the experimental value of this ratio for the curve for copper caesium sulphate shown in figure 5 is 1-19 . This curve approximates in shape therefore to th a t which would be expected if magnetic dipole interaction alone were present,* though the actual value of the root mean square moment (table 5) is somewhat too large. For copper ammonium selenate the experi mental value of p for the twelve absorption lines in the ac-plane used to obtain the root mean square width shown in figure 6 varies between 1*32 and 1*44. Thus in their case the line shape never departs greatly from the gaussian, and the polar diagram of the root mean square width (figure 6) has the same outline as the half-width (figure 4/) . I t is true of all the salts th a t no great change in line shape is discernible as the applied magnetic field is rotated in the ac-plane, and it is probable therefore th a t polar diagrams of ^/( A # 2)av. would resemble those of A/7j for all the cases shown in figure 4 , with, of course, a scaling factor dependent on the line shape.
Since the line shape is more or less isotropic, it may be attributed to simple exchange interaction. The great variation of line shape between different salts is not surprising, since under the influence of the crystalline electric field the orbital wave functions are strongly directional. The wide variation in the directions of the tetragonal axes from salt to salt indicates th a t a similar change in the overlapping of the orbital wave functions of neighbours, and hence of the magnitude of the exchange forces, may be expected. There is, however, no obvious correlation between line shape and the angle a which determines the position of the 'tetragonal' axis. In view of the presence of rhombic components of the crystalline field, this is not to be expected, especially as intervening atoms other than the water molecules (which mainly determine the crystalline field) will also exercise considerable influence on the orbital wave functions.
vary with the direction of the external field. The effects produced then by exchange forces are illustrated by the (magnetically) very similar salt CuS0 4,5H 20 , in which a remarkable anomaly has been discovered by . When a magnetic field is applied in a direction making unequal angles with the two tetra gonal axes, as in experiment C of part I of this paper, the resonance lines due to the two different ions are not resolved until magnetic fields of the order of 12 kG are used, although the line widths are less than a hundred gauss. This effect is attributed to exchange forces between the dissimilar ions (Pryce 1948) which are strong enough to overcome the separation in energy which the ions should possess in smaller magnetic fields. In addition, there is a broadening effect even when the two lines coincide, unless the magnetic field is applied in a direction perpendicular to both tetragonal axes, when even the dissimilar ions precess about identical axes.
I t is obvious th a t in the Tutton salts such exchange forces, if present, are much weaker than in the single sulphate. Figure 3 shows how the lines are completely separated in copper ammonium sulphate in fields of 6 to 7 kG, and even a t 3 cm. wave-length (fields of about 3 kG) the two peaks are resolved in all the seven Tutton salts investigated (see, for example, figure 7 ). I t may be, however, th at the exchange force between dissimilar ions does still produce a broadening of the lines, and in this connexion it may be.significant th a t the discrepancy between the experimental root mean square widths and those calculated from magnetic dipole interaction revealed by figure 6 for copper ammonium selenate vanishes near the K 2 axis. This axis is perpendicular to both tetragonal axes, and exchange effects between dis similar ions would not contribute to the line width. Whether they are large enough to explain the discrepancy when the magnetic field is applied in other directions cannot be estimated before further theoretical work has been carried out. They enhance only the contributions to (A #2)av from the dissimilar ions (B, C and F in table 4) which are rather small. Iii some directions they would have to be increased by a factor greater than 10 to account for the observed line widths in copper ammonium sulphate. I t would be rather surprising if the effect were so large, since it arises only through the precession about slightly inclined axes.
Paramagnetic resonance in the copper Tutton salts
11. E ffect of unresolved h y p e r f in e structure Apart from these discrepancies it seems that none of the interactions considered hitherto can explain the unequal widths of the resolved absorption lines shown in figure 3 . These lines are obtained by applying the magnetic field in a direction parallel to the tetragonal axis of one ion, when it will be an angle of about 80° to the tetragonal axis of the other ion. The latter gives the narrower line at the higher field (lower g -v alue). The spatial distribution of copper ions round each of these is pre cisely the same except th at wherever X has a neighb neighbour of the type Y and vice versa. In this type of experiment, then, where the external magnetic field is in the same direction relative to the crystallographic axes for each ion, one would expect th at the interactions with the neighbours should be identical, except that there may be a variation in the magnetic interaction associated with the different (/-values of the two types of ion. The maximum difference this can cause is of the same order as the difference in the g values ( a 2-4/2-05), and its sign will depend on whether the major contribution to the width comes from similar or dissimilar ions. In this particular case, the contributions are roughly equal, and no significant difference in width would be expected. The experimental values of A however, are 184 G for the parallel ion, and 112 G for the ion whose tetragonal axis is nearly perpendicular to the magnetic field. Computation from the curve gives, 164 ±20 and 114± 2 0 G respectively for ^/(A#2)av., while the theoretical value is approximately 90 G for each ion. Similar differences are found for the other salts a narrower absorption curve being obtained always for the perpendicular ion than for the parallel ion (see figure 7) .
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B. Bleaney, R. P. Penrose and B etty I. Plumpton m agnetic field (kG) Figure 7 . The resolved lines in (K v K 3) plane a t 3-2 cm. w ave-length from copper caesium sulphate. L eft-hand curve, tetrag o n al axis parallel to H ; rig h t-h an d curve, tetrag o n al axis a t 80° to H .
Since the only difference between the two ions is th a t their tetragonal axes are differently oriented with respect to the magnetic field, this difference in the mean square moments cannot be ascribed to magnetic dipole interaction or to isotropic exchange forces. The exchange forces between dissimilar ions may enhance the fine width, but may be expected to affect either line equally, since physically they correspond to a rapid exchange of the two ions concerned. Thus there appears to be some effect which contributes to the mean square moments of the absorption lines, which is not explicable in terms either of magnetic interaction or exchange inter action between the spins. The magnitude of the contribution varies with the direction of the applied field, being greater where the ^-values are higher. Further evidence in support of this last statement is provided by measurements in the (K2K 3) plane. At equal angles to, but on either side of the axis, the line widths are different. In copper ammonium sulphate at angles of + 30° and -30° to K 3, the values of A are 87 and 59 G respectively. Since K 3 is identical with the crystallographic 6-axis, contributions to the line width from magnetic dipole and exchange forces between similar or dissimilar ions should be identical in such directions equally inclined to it, as also should those from any effect with the tetragonal symmetry assumed for the crystalline field. The difference in the values of the two fines (2*19 and 2*13 respectively) shows, however, that there is an appreciable rhombic component of the crystalline field. The difference between the line widths is in the same direction as th a t in the (/-values and could be explained by an effect with the same anisotropy as the crystalline field.
The nature of this effect h^-s been revealed by subsequent work of Penrose a t Leiden University. On using a crystal of copper ammonium sulphate greatly diluted with the corresponding magnesium salt, the single absorption fine expected in the ac-plane breaks up into four equally spaced narrow fines, each with AH± of about 15 G. The overall separation of the fines varies with the direction of the magnetic field, the maximum value of about 300 G being obtained in the K 1 direction, while near K 2 the fines are not completely resolved. This hyperfine structure is attributed to interaction between the electron spin and the copper nucleus, both of whose common isotopes have spin § and nearly equal magnetic moments (2*226 and 2*385 nuclear magnetons (Pound 1948)). With the magnetic fields used, the spectrum corresponds to th at of the Back-Goudsmit region in optical hyperfine spectra. The separation of the four components varies because the magnetic inter action between the electron and nuclear spins is averaged over the distribution of the electron cloud density in space, i.e. the orbital wave functions, which are deter mined by the crystalline electric field. If the latter has tetragonal symmetry, the separation should vary as (1 + 3 cos2/?)*, where /? is the angle which the magnetic field makes with the tetragonal axis. This is roughly consistent with the initial measurements of Penrose.
The separation of the hyperfine components is so large th at they should be visible in the undiluted salts. The absorption curves, of which examples are given in figures 3, 5 and 7, show no trace of a fine structure. Its absence must be attributed to exchange forces, and perhaps also to the fluctuating components of the local magnetic field of neighbouring electron spins which shorten the lifetime of the electronic state sufficiently to ' average out ' the interaction with the nuclear spin. The contribution of the latter to the mean square moment will remain, however, and it has been estimated by Pryce from the initial results of Penrose as (A /72)av = 0*4 x 104(1 + 3 cos2/?) gauss2.
This formula can be applied to the two resolved fines (figures 2, 6), from which reason able estimates of (A#2)av. can be obtained. The results are given in the table on p. 426. The agreement is better than could be expected at this stage. Analysis of the difference between the mean square moments observed for copper ammonium selenate in the ac-plane (figure 6) and those calculated from magnetic interaction shows th at it also is of the same order as predicted by equation (8). The presence of an unresolved hyperfine structure offers therefore an adequate explanation of the deviation of the mean square moments from those expected from magnetic dipole interaction between the electron spins. The assumption of exchange forces in the copper Tutton salts is not new, since they have been invoked by Opechowski (1948) to explain the anomalous specific heat of the potassium sulphate discovered by de Klerk (1946) . The constant of the magnetic specific heat (C T2/R) is 6-8 x 10~4, which is some five times greater than the theoretical value for pure dipole interaction. Relaxation measurements by Bijl (1941) and Broer & Kemperman (1947) confirm this high value. De Klerk finds also th a t the susceptibility obeys a Curie-Weiss law with a Weiss constant of 0 0 5 2° K. Using this value, a tentative estimate by Opechowski suggests th a t a t least ten neighbouring copper ions must co-operate in the exchange interaction. Reference to the fist of neighbours, table 4 (Opechowski's list omits the ions labelled C and F in table 4) shows th a t this requires all the ions up to a distance of 9 A. The interaction is thus comparatively long range. Opechowski's theory neglects magnetic dipole interaction, however, which the results given in this paper show to be a t least as im portant as exchange forces, as far as line width is concerned.
The hyperfine structure will also give rise to an additional specific heat, though insufficient to account for the observed value in copper potassium sulphate. Since the structure is ' averaged out ' by the exchange interaction in the undiluted salt, its contribution to the specific heat may also be reduced. On the whole it appears th a t the abnormally high specific heat must be due in the main to the exchange inter action. This is supported by paramagnetic relaxation measurements in the liquid helium region by Benzie & Cooke (1949) who find the specific heat of copper rubidium sulphate, which gives the broadest absorption lines in our experiments, to be considerably smaller than th at of the potassium or ammonium sulphates or the potassium selenate, all of which give fairly narrow lines.
In copper sulphate pentahydrate the specific heat a t helium tem perature has a marked anomaly a t helium temperatures (Ashmead 1939 ) and the Weiss constant (0-7° K) is very large (Reekie 1939) . The work of Bagguley & Griffiths shows th a t exchange forces are dominant as far as line width is concerned, the lines being nar rower than in any of the Tutton salts, though the salt is magnetically more con centrated. The distance between nearest neighbours is not much less (5-5 A) than in the Tutton salts (6 A); it is therefore not surprising th at exchange effects appear in the latter, though to a less degree, since there are only two ions a t 6 A compared with eight in the single sulphate; in particular, the least distance between ions of dis similar kind is 7-5 A in the Tutton salts, and there is no evidence of an anomalous absorption spectrum attributed to exchange between those ions, similar to th at found by Bagguley & Griffiths. Paramagnetic resonance in the copper Tutton salts 427
13. C o n c l u s io n s (а) The change of line width with direction of the applied magnetic field is roughly consistent with th at expected from magnetic dipole interaction, but the mean square moment is generally bigger.
(б) The line shape is more or less independent of the direction of the applied field in the ac-plane, but varies markedly from salt to salt. In a number of cases the lines are more peaked than can be explained by magnetic dipole interaction, an effect which may be attributed to isotropic exchange forces.
(c) The presence of exchange interactions is consistent with the abnormal specific heat of the spin-system, which is greater than can be accounted for by magnetic dipole interaction.
(d) The measured mean square moments show a departure from the calculated values which is greatest in directions where the gr-values are greatest, i.e. the effect seems to have the same anisotropy as the crystalline electric field. I t may partly be due to exchange interaction between dissimilar ions, but the presence of a hyperfine structure 'averaged o u t' by the exchange forces would give a contribution to the mean square moment of the required magnitude, and with the right anisotropy.
The theory of plane plastic strain for anisotropic metals A yield criterion and plastic stress-strain relations are formulated for anisotropic metals deformed under conditions of plane strain. The equations are shown to be hyperbolic, the characteristics coinciding with the directions of maximum shear strain-rate. When the anisotropy is uniformly distributed, the variation of the stresses along the characteristics is expressed in terms of elliptic functions, and geometrical properties of the field of character istics are established. The theory is applied to the problem of indentation by a flat die.
I n t r o d u c t i o n
In an earlier paper (Hill 1948) 4 theory was proposed describing the macroscopic plastic behaviour of polycrystalline anisotropic metals. The theory was shown to be consistent with the experimental evidence then available, and has since been found to be in accord with more recent data (an account will be presented elsewhere). I t seems worth while, therefore, to pursue the implications of the theory in greater detail. The present paper is concerned with the two-dimensional problem of plane plastic strain. General methods of integrating the plane-strain equations for isotropic metals are well understood; the equations are hyperbolic, the characteristics being in the directions of maximum shear stress or shear strain-rate. Relations describing the variation of the stress and velocity components along the characteristics, to gether with various geometrical theorems, were established by Hencky (1923) and Geiringer (1930) . The equations of plane strain for anisotropic metals are also hyper bolic, and the characteristics are in the directions of maximum shear strain-rate (Hill 1948) . The main purpose of the present paper is to obtain the relations holding along the characteristics, and to examine whether there are simple geometrical properties analogous to the theorems of Hencky for isotropic metals.
